In this paper, first, we introduce a new concept, called the norm-to-weak continuous semigroup in a Banach space, and give a technical theorem to verify this notion of continuity. Then we establish a general method which is necessary and sufficient to obtain the existence of the global attractor for this kind of semigroup. As an application, we obtain the existence of the global attractor for a nonlinear reaction-diffusion equation with a polynomial growth nonlinearity of arbitrary order and with some weak derivatives in the inhomogeneous term, the global attractors are obtained in L p ( ), H 1 0 ( ) and H 2 ( )∩H 1 0 ( ), respectively. A new a priori estimate method, called asymptotic a priori estimate, has been introduced. Since the solutions of the equation has no higher regularity and the semigroup associated the solutions is not continuous in L p ( ), H 1 0 ( ) and H 2 ( ) ∩ H 1 0 ( ), the results in this part are new and appear to be optimal.
Introduction
One of the most important problems in infinite-dimensional dynamical systems is to prove the existence of global attractors for the semigroups of solutions associated with some concrete partial differential equations. Many authors have paid attention to this problem for quite a long time, especially in the past decades, and have made a lot of successfully progresses; see [1] [2] [3] 5, 11, 12, 15] and the references there among many others.
As we know, almost every general result associated with the existence of attractor has a basic assumption that the semigroup is norm-to-norm continuous or weak-to-weak continuous in some Banach spaces; see, for instance, [1, 3, 5, 11, 12, 15] . However, there are some important semigroups, which are neither norm-to-norm continuous nor weakto-weak continuous. There are also situations where the norm-to-norm or weak-to-weak continuities are hard to verify. For example, consider both for all s ∈ R. Up to now, as mentioned by Robinson [11] , the continuities of the semigroup generated by the solutions of (1.1) in H 1 0 ( ) is unknown if we do not restrict the growth order p of the nonlinear term f when the spacial dimension larger than 3. So, in general case, one can only obtain the continuity in L 2 ( ) and the existence of global attractor in L 2 ( ); see [9, 11, 15] .
Motivated by this problem and some ideas in [1] , in this paper, we first introduce a new concept called the norm-to-weak continuous semigroup and give a technical method to verify which semigroup is norm-to-weak continuous, then use the idea from [8] to establish a more general method which give a necessary and sufficient condition for the existence of the global attractor for the norm-to-weak semigroup; see Theorem 4.2 in Section 4. Although the semigroup is not continuous in the phase space, the global attractor A obtained in our main result, Theorem 4.2, is the same as that in the usual sense(see [3, 5, 11, 12, 15] ), that is, A is invariant, compact in the Banach space (X, · X ) and attracts bounded subsets of X in the norm topology · X , where X is just the space that the semigroup is defined.
As an application of our theoretical results, we will consider the existence of global attractor for the following reaction-diffusion equation:
where is a bounded smooth domain in R n , f is a C 1 function satisfying (1.2) and (1.3), and the external forcing term g is in either H −1 ( ) or L 2 ( ), which are considered in Sections 5.2 and 5.3, respectively.
This problem has been studied extensively in many monographs and lectures, especially for the case g ≡ 0; see, e.g., [9] [10] [11] 15] and the references therein, where many results associated with this problem are concentrated only on the existence, regularity and dimension of the global attractor in L 2 ( ). Since the continuity of the semigroup of strong solution, associated with this problem is unknown (see [11] ), very little is known for the existence of global attractor for strong solutions, when n 3 and the growth order of nonlinear term f (u) has no further restrictions.
The aim of this part is to prove, respectively, the existence of the global attractors in L p ( ) and H 1 0 ( ) for the case where g ∈ H −1 ( ), and in L 2p−2 ( ) and H 2 ( ) ∩ H 1 0 ( ) for the case where g ∈ L 2 ( ). Here, in both cases we do not make any restriction on the growing order p in (1.3) and the spacial dimension n.
However, for these purposes, despite that we can use the theory with norm-to-weak continuous semigroup substituting the continuous and weak continuous semigroup, it is inevitable to verify that the semigroup associated with Eq. (1.4) has some kind of compactness, which is necessary, in L p ( ), H 1 0 ( ) and H 2 ( ) ∩ H 1 0 ( ). As we know, if the extreme forcing term g only in H −1 ( ), the solutions of Eq. (1.4) are at most in L p ( ) ∩ H 1 0 ( ) and have no higher regularities, and we also know the solutions of Eq. (1.4) are at most in L 2p−2 ( ) ∩ H 2 ( ) and have no higher regularities when g is only in L 2 ( ). Therefore, there is no compact embedding results holds for these cases. Moreover, since the solutions in both cases have not higher regularities and the semigroup associated with the solutions is not continuous, it seems to be difficult that we can directly verify the asymptotic compactness in L p ( ) and H 1 0 ( ) ∩ H 2 ( ). So, some new ideas and methods seems to be needed.
The Kuratowski measure of noncompactness
In this section, we review briefly the basic concept of the Kuratowski measure of noncompactness and recapitulate its basic properties, which will be used in considering our problems; see [4, 12] , etc. for more details. If A is a nonempty, unbounded set in X, then we define (A) = ∞. The properties of (A), which we will use in this paper, are given in the following lemmas: Lemma 2.2. The Kuratowski measure of noncompactness (A) on a complete metric space X satisfies the following properties:
(1) (A) = 0 if and only ifĀ is compact, whereĀ is the closure of A; 
Proof. If A is unbounded, then obviously (A) = Ā ws = ∞.
In the following, we assume A is a bounded set. Since A ⊂Ā ws , it is easy to know
On the other and, we know that
which implies thatĀ ws ⊂ co A ws .
For the convex subset co A of X, we have co A ws = co A.
Combining with the properties (2) and (7) in Lemma 2.2, we have
The proof is complete.
Norm-to-weak continuous semigroup
As stated in the introduction, in this paper, we are mainly concerned with the existence of global attractor for the norm-to-weak continuous semigroup. We start with the definition of the norm-to-weak continuous semigroup. Definition 3.1. Let X be a Banach space and {S(t)} t 0 be a family operators on X. We say that {S(t)} t 0 is a norm-to-weak continuous semigroup on X, if {S(t)} t 0 satisfies that
In evolution equation, this type of semigroup corresponds to the solution that only satisfies weaker stability, and generally, it is neither continuous (i.e., norm-to-norm) nor weak continuous (i.e., weak-to-weak). But obviously, continuous semigroups and the weak continuous semigroups are both norm-to-weak continuous semigroups. As we know, for some concrete problems, it is difficult to verify that the semigroup is either continuous or weak continuous in stronger normed spaces. However, it follows from the following result that one can easily show that the semigroup is norm-to-weak continuous in stronger normed space.
Let X, Y be two Banach spaces, and X * , Y * be their dual spaces, respectively. We also assume that X is a dense subspace of Y , the injection i : X → Y is continuous and its adjoint i * : Y * → X * is densely injective. Under these assumptions, we have the following result: Proof. The necessity is obvious, and we only have to prove the sufficiency.
Let (x n , t n ) → (x, t) in X × R + as n → ∞, then we need to prove that for any given x * ∈ X * ,
In fact, from the assumption that i * : Y * → X * is dense, we know that for any ε > 0 and any x * ∈ X * , there exists y * ε ∈ Y * , such that
where M is a constant which satisfies
Since the semigroup {S(t)} t 0 is continuous or weak continuous in Y , for the y * ε given above, there exists N 0 > 0, such that for any n N 0 ,
So, combining (3.2)-(3.4), we have for any n N 0 ,
which shows that (3.1) holds true. The proof is complete.
Remark 3.3.
In concrete problems, we can choose Y to be a larger and weaker topology space, in which the continuity of the semigroup can be obtained easily. For example, for problem (
However, sometimes we do not need {S(t)} t 0 be norm-to-weak continuous in the whole phase space. In fact, it's sufficient to consider its norm-to-weak continuity only on some particular subsets when we establishes the existence of global attractor. Definition 3.4. Let X be a Banach space and B ⊂ X be any bounded subset. The semigroup {S(t)} t 0 on X is called norm-to-weak continuous on B if for any {x n } ∞ n=1 ⊂ B, x n → x and t n 0, t n → t, we have S(t n )x n S(t)x in X.
Definition 3.5. Let X be a Banach space and {S(t)} t 0 be a semigroup on X. For any bounded subset B of X, we define the stationary set S(B) of B by
As a direct corollary of Theorem 3.2, we have the following result about S(B), which is useful for establishing the existence of global attractors. 
Global attractor for the norm-to-weak continuous semigroups
In this section, we will prove the main theoretical results of our paper about the existence of global attractors for the norm-to-weak continuous semigroups. [1] , Cholewa dn Dlotko [3] , Hale [5] , Robinson [11] , Sell and You [12] , Temam [15] ). Let {S(t)} t 0 be a semigroup on a Banach space X. A subset A ⊂ X is called a global attractor for the semigroup if A is compact in X and enjoys the following properties: We are now in the position to establish our main theoretical result about the existence of global attractors.
Definition 4.1 (Babin and Vishik
(i) A is an invariant set, i.
Theorem 4.2. Let X be a Banach space and {S(t)} t 0 be a norm-to-weak continuous semigroup on X. Then {S(t)} t 0 has a global attractor in X, if and only if
(i) {S(t)} t 0 has a bounded absorbing set B 0 in X, and (ii) {S(t)} t 0 is -limit compact, that is, for every bounded subset B of X and for any ε > 0, there exists a t 0 > 0 which depends on B and ε, such that
We remark here that in comparison with the results in [1, 3, 5, 8, 11, 12, 15] , this theorem needs weaker continuity condition of semigroup, and, consequently can be used in more general cases, as indicated by examples later.
Proof. As we know, if the semigroup {S(t)} t 0 has a global attractor A, then any ε-neighborhood N ε (A) of A is a bounded absorbing set of the semigroup. Moreover, it is easy to know that (N ε (A)) 2ε since A is compact and (A) = 0. Hence, the conditions (i) and (ii) are necessary. Now, we prove these conditions are sufficient. Set
ws .
Then we claim that
x ∈ A if and only if there exist t n → ∞ and {x n } ⊂ B 0 such that S(t n )x n x.
In fact, according to the definition of weakly sequential closure, we know that if there exist t n → ∞ and x n ∈ B 0 such that S(t n )x n x, then obviously we have x ∈ ∪ t s S(t)B 0 ws for any s 0, which implies that x ∈ A.
On the other hand, if x ∈ A, then for any n ∈ N, we have
Combining with the assumption that {S(t)} t 0 is -limit compact, we know that the weakly sequential closure
ws is metrizable, and the metric generates the weak topology of K ws . Assume that the equivalent metric is d, i.e., for {y n } ⊂ K ws and y ∈ K ws , y n y if and only if d(y n , y) → 0 as n → ∞. Using this equivalent metric of K ws , for each n ∈ N, we can extract an element S(t
Hence (4.1) holds true.
In the following, we prove that A is the global attractor of {S(t)} t 0 . By Lemma 2.4, the assumption (ii) and the properties of the measure of noncompactness, we have
ws is closed in X, thanks to the property (5) in Lemma 2.2, we know that A is nonempty compact subset under the normed topology of X. Now, we prove that A is invariant. In fact, for any x ∈ A, by (4.1), there exist t n → ∞ and x n ∈ B 0 such that
On the other hand, it follows from condition (ii) that {S(t n )x n } has a convergent subsequence {S(t n k )x n k } such that
Combining with the norm-to-weak continuity of {S(t)} t 0 , we have
S(t + t n k )x n k = S(t)S(t n k )x n k S(t)x;
then by (4.1) again,
which implies that S(t)A ⊂ A. Conversely, for any x ∈ A, there exist x n ∈ B 0 and t n → ∞ such that
By condition (ii), we know {S(t n − t)x n } has a subsequence {S(t n k − t)x n k } which converges to some point y in X, that is
which induces y ∈ A. By use of the norm-to-weak continuity of the semigroup again, we obtain
Hence,
S(t)y = x,
which implies that
Which, together with (4.2), yields
At last, we prove that A attracts bounded sets of X under the normed topology. In fact, since B 0 absorbs any bounded subset of X, we only need to prove that
We proceed with contraction method. Assume that there exist ε 0 > 0, t n → ∞ and
Then it follows from condition (ii) that {S(t n )x n } has a subsequence {S(t n k )x n k } such that
and by (4.1), we know x ∈ A, which contradicts with (4.3). The proof is complete. In order to verify conveniently the assumption that {S(t)} t 0 is -limit compact, the authors in [8] have given an equivalent condition in uniformly convex Banach spaces, which is called condition (C), that is Definition 4.5 (Ma et al. [8] ). The semigroup {S(t)} t 0 is called satisfying condition (C) in X if and only if for any bounded set B of X and for any ε > 0, there exist a positive constant t B and a finite-dimensional subspace X 1 of X, such that {P S(t)x | x ∈ B, t t 0 } is bounded and
(I − P )S(t)x < ε for any t t B and x ∈ B,
where P : X → X 1 is the canonical projector. Lemma 4.6 (Ma et al. [8] ). Let X be a Banach space and {S(t)} t 0 be a semigroup in X. Then we have (i) if condition (C) holds true, then {S(t)} t 0 is -limit compact; (ii) if, furthermore, X is a uniformly convex Banach space. Then {S(t)} t 0 is -limit compact if and only if condition (C) holds true.
By this equivalent condition, we can obtain the following general result for the existence of the global attractor of an infinite-dimensional dynamical system, which is very useful when we deal with the case of lacking higher order regularity. For instance, see the example in the next section. Theorem 4.7. Let X be a Banach space and {S(t)} t 0 be a norm-to-weak continuous semigroup on X. Then {S(t)} t 0 has a global attractor in X provided that the following conditions hold true:
(i) {S(t)} t 0 has a bounded absorbing set B 0 in X, and (ii) {S(t)} t 0 satisfies condition (C).
Notice that the norm-to-weak continuity of the semigroup only be used to guarantee the invariance of the global attractor, so we only need to assume {S(t)} t 0 is normto-weak on S(B 0 ), where B 0 is a bounded absorbing set.
Corollary 4.8. Assume that {S(t)} t 0 is a semigroup on Banach space X and satisfies that
(i) {S(t)} t 0 has a bounded absorbing set B 0 in X; (ii) {S(t)} t 0 satisfies condition (C) or {S(t)} t 0 is -limit compact in X.
And assume furthermore that {S(t)} t 0 is norm-to-weak continuous on S(B 0 ).
Then {S(t)} t 0 has a global attractor A in X, i.e., A is nonempty, invariant, compact in X and attracts every bounded subset of X in the norm topology of X.
Existence of global attractor for strong solutions of reaction-diffusion equations

Setup
As an application of the general result Theorem 4.2 or Corollary 4.8, we prove the existence of the global attractors in L p ( ), H 1 0 ( ) and H 2 ( ) ∩ H 1 0 ( ) for the semigroup of solutions of the following nonlinear reaction-diffusion equation:
where is a bounded smooth domain in R n , f is a C 1 function such that
2)
for any s ∈ R, and either
, |u| the modular (or absolute value) of u, and C the arbitrary positive constants, which may be different from line to line and even in the same line. Since ⊂ R n is a bounded smooth domain, we take the equivalent norm in H 1 0 ( ) and H 2 ( ) ∩ H 1 0 ( ), respectively, by
We start with the following general existence and uniqueness of solutions which can be obtained by the normal Faedo-Galerkin methods. Here we only state the results, and the interested readers are referred to [11, 15] for details. 
and the mapping
By Lemma 5.1, we can define the operator semigroup {S(t)} t 0 in L 2 ( ) for both g ∈ H −1 ( ) and g ∈ L 2 ( ) as follows:
which is continuous in L 2 ( ).
Global attractor for the semigroup in L p ( )
It follows from [17] that the semigroup associated with the solutions of (5.1) has a global attractor in L 2 ( ). Combining this result and the asymptotic properties of the semigroup, we will give a new method to prove the existence of global attractors in L p ( ). 
So we have
M 0 |S(t)u 0 | p (|S(t)u 0 | M 1 ) |S(t)u 0 | p (|S(t)u 0 | M 1 ) M p 1 = M p 1 m( (|S(t)u 0 | M 1 )).
This inequality implies that m( (|S(t)u
The following lemma provides a method which can be used to verify that the semigroup {S(t)} t 0 is -limit compact in L p ( ) (p > 0).
Proof. When q p, the conclusion is obvious, so in what follows, we assume q < p. For any fixed ε > 0, it follows from the assumptions that B has a finite (3M) ( 
and
On the other hand, set
then we have
From the simple facts that |u − u i | 2|u| in 1 and |u − u i | 2|u i | in 2 , combining with (5.5), we have
Substituting (5.8) and (5.9) into (5.7), we can deduce that
which means that B has a finite ε-net in L p ( ).
Notice the definition of -limit compactness of the semigroup, from the lemma above, we have the following result
Corollary 5.4. Let {S(t)} t 0 be a semigroup on L p ( ) and L q ( ), respectively, where p q > 0 and ⊂ R n is bounded, and {S(t)} t 0 satisfy the following two assumptions: (i) {S(t)} t 0 is -limit compact in L q ( ); (ii) for any ε > 0 and any bounded subset B ⊂ L p ( ), there exist positive constants M = M(ε, B) and T = T (ε, B), such that (|S(t)u 0 | M)
|S(t)u 0 | p < ε for any u 0 ∈ B and t T .
Then {S(t)} t 0 is -limit compact in L p ( ).
Combining Corollary 4.8 and Lemma 4.6, we have the following result which can be used easily to prove the existence of the global attractor for some semigroups in L p ( ): Theorem 5.5. Assume that p q > 0 and ⊂ R n is bounded. Let {S(t)} t 0 be a semigroup on L p ( ) and L q ( ), respectively, and satisfy the following conditions: 
iv) {S(t)} t 0 is norm-to-weak continuous on (S(B 0 ), | · | p ).
Then {S(t)} t 0 has a global attractor in L p ( ).
provided that m(e) < (e ⊂ ).
On the other hand, since B is bounded in L p ( ), for the > 0 given above, there exists M > 0, such that m( (|u| M)) < holds for each u ∈ B.
Therefore, we have
From Lemma 5.6, we know the condition (iii) in Theorem 5.5 is also necessary when p 1. Therefore, as an immediate consequence of Corollary 4.8, Theorem 5.5 and Lemma 5.6, we have the following result:
Corollary 5.7. Let {S(t)} t 0 be a semigroup on L p ( ) (p 1), be a continuous or weak continuous semigroup on L q ( ) for some q p, and have a global attractor in L q ( ), where ⊂ R n is bounded. Then {S(t)} t 0 has a global attractor in L p ( ) if and only if (i) {S(t)} t 0 has a bounded absorbing set B 0 in L p ( ), and (ii) for any ε > 0 and any bounded subset B ⊂ L p ( ), there exist positive constants M = M(ε, B) and T = T (ε, B), such that (|S(t)u 0 | M)
Global attractor for (5.1) in L p ( ) and H 1 0 ( )
In this subsection, we will discuss the case where the external forcing term g belongs only to H −1 ( ), and prove the existence of global attractors in L p ( ) and H 1 0 ( ), respectively.
For convenience, we denote g
Recently, by means of a nonstandard estimation about the energy functional, the authors in [17] have proven that the semigroup {S(t)} t 0 has a global attractor in L 2 ( ).
Lemma 5.8 (Zhong et al. [17]). Assume that is a bounded smooth domain in
R n , f i , h ∈ L 2 ( )(i = 1, .
. . , n), and f satisfies (5.2) and (5.3). Then the semigroup generated by the weak solution of Eq. (5.1) has a global attractor A H in L 2 ( ).
In what follows, we always assume that f satisfies (5.2) and (5.3), f i , h ∈ L 2 ( )(i = 1, . . . , n), and {S(t)} t 0 is the semigroup generated by the weak solutions of Eq. (5.1) with initial data u 0 ∈ L 2 ( ). Since the external forcing term only belongs to H −1 ( ), we can not take − u as the test function as in [11, 15] to derive the existence of bounded absorbing set in
Absorbing sets in L p ( ) and
Proof. Multiplying (5.1) by u, after the standard integration by parts and using the assumption (5.3), we have 12) which implies that
3) again, we can deduce that 
Integrating the inequality above from t to t + 1, we have On the other hand, multiplying (5.1) by u t , we obtain 
and T = T 0 +1, and we complete the proof of Theorem 5.9.
Asymptotic estimates
The main purpose of this sub-subsection is to give an asymptotic a priori estimate for the unbounded part of the modular |u| for the solution u of Eq. (5.1) in L p -norm. Namely, we have the following theorem where the constant C is independent of ε and B.
The idea of the proof of this theorem comes from the proof of regularity of the attractor, see Marion [9] and Robinson [11] . 
where (u − M) + denotes the positive part of u − M, that is,
By the Cauchy inequality and the Hölder inequality, we know that
which, in combining with (5.24)-(5.27) and integrating from t to t + 1, yields
On the other hand, we multiply (5.1) by [(u − 2M) + ] t and denote by 2 = (u 2M); then we get 
Thus, due to (5.15) and (5.26), Theorem 5.10 follows from (5.37). 
Global attractors in L p ( ) and
which guarantees the existence and uniqueness of weak solution of Eq. (5.1) and the continuity of the semigroup in L 2 ( ); or by the following assumption:
where 1 is the first eigenvalue of − in H 1 0 ( ), but in this case, some additional conditions are needed to guarantee the uniqueness.
Hereafter, we will prove the existence of a global attractor in H 1 0 ( ). For this purpose, at first, we will give some a priori estimates about u t endowed with L 2 -norm. = 1, 2, . . . , n) and f satisfies (5.2) and (5.3) , and let {S(t)} t 0 be the semigroup associated with Eq. Proof. By differentiating (5.1) in time and denoting v = u t , we have
Multiplying the above equality by v and using (5.2), we obtain that as t large enough. Combining (5.40) with (5.41), and using the uniform Gronwall lemma, we have
as t large enough.
Next we verify that {S(t)} t 0 satisfies condition (C) in H 1 0 ( ). Proof. Denoting by u 2 = (I − P m )u(t) for any u ∈ L 2 ( ), and multiplying (5.1) by u 2 , we can get
and then by (5.3), we deduce that For the brevity, throughout this subsection, we always assume that g ∈ L 2 ( ), f satisfies (5.2) and (5.3), and {S(t)} t 0 is the semigroup generated by the solution of Eq. (5.1) with initial data u 0 ∈ L 2 ( ).
First, as an immediate consequence of (5.2) and (5.3), we have the following simple property about the nonlinear term f (·), which will be used later. The proof is elementary and we omit the details. 
where for t large enough, the lemma follows.
A priori estimates
The main purpose of this sub-subsection is to derive a priori estimates which will be used later in considering our problems.
We start with some estimates for the time derivatives of u by the well-known bootstrap technique. These estimates are useful for establishing asymptotic a priori estimates in L 2p−2 ( ) (Theorem 5.23), and for verifying that {S(t)} t 0 satisfies the condition 
( ). (ii) The induction argument
We now assume the (A k ) and (B k ) hold for k, and we prove that the same is true for k + 1.
We multiply (5.39) by |v| 2( n n−2 ) k+1 −2 · v and integrate over . Then we obtain that 
which implies that our lemma is true provided that t and m are large enough.
Next, we will give an asymptotic a priori estimate about u t with L 2 -norm, which is a direct corollary of Lemmas 5.6 and 5.21, and will be used to verify the asymptotical a priori estimate in Remark 5.29. In [9] [10] [11] , etc., the authors have studied the special case of (5.1) where g ≡ 0, and obtained the existence and regularity of global attractor in L 2 ( ). Using our methods (e.g., Lemma 5.3 combines Corollary 4.8, etc.), under the same assumptions in [9] [10] [11] , we can deduce the existence of the global attractor in W 2, q ( ) for any q 2.
Remark 5.30. Our ideas and methods for verifying the asymptotic compactness in this section can also be used to deal with wave equations or other weak damped equations. For example, in [13] , authors consider the following nonclassical diffusion equation:
and show that the semigroup associated with the solutions of ( * ) has the (H 1 0 ( ), H 1 0 ( ))-global attractor by using the idea of Kuratowski measure of noncompactness and combining the method for verifying the (L 2 ( ), L p ( ))-asymptotic compactness, and solve the open problem put forward in [16] . In [14] , those ideas and methods are applied in dealing with unbounded domains cases.
